A 130 GeV mass is calculated for the t-quark, also called the truth quark or the top quark.
Introduction
The model used in the theoretical calculations is based on the Lie group Spin(8).
The 28-dimensional adjoint representation of Spin(8) forms the gauge group of the model with an 8-dimensional spacetime whose tangent vector space is represented by the vector representation of Spin(8) .
The first generation fermion particles and antiparticles are represented by the two mirror image 8-dimensional half-spinor representations of Spin(8), denoted by S8+ and S8-.
The 8-dimensional spacetime of the model is reduced to 4 dimensions.
After dimensional reduction: MacDowell-Mansouri gravity becomes an effective nonrenormalizable theory; a natural Higgs scalar field appears that gives mass to the weak bosons and Dirac fermions; and there are three generations of fermions, being effectively represented by:
octonions, pairs of octonions, and triples of octonions.
3-Generation Structure of Fermions.
The model puts the 8 first generation fermion particles in one 8-dimensional half-spinor representation S8+ of Spin (8), with the 8 antiparticles being in the mirror image 8-dimensional half-spinor representation S8-of Spin(8). Given a basis (1, i, j, k, ke, je, ke) for the octonions O , where 1 is the basis element for the real axis and, as to the seven imaginaries, i, j, and k are just the three imaginary quaternions, and e, ie, je, and ke are constructed from the four quaternionic basis elements 1, i, j, and k by introducing an octonionic imaginary e.
The octonionic basis for S8+ corresponds to fermion particles as follows: 1 is the electron neutrino; i, j, k are the red, blue, and green up quarks; e is the electron; and ie, je, ke are the red, blue, and green down quarks. The antiparticle correpsondence for S8-is similar.
Consider the model from a lattice gauge theory point of view. It looks like an 8-dim lattice of vertices connected by links. The spinor fermions are assigned to the vertices of the lattice spacetime. The fermions go from place to place by moving from an origin vertex to a destination vertex (origin) *--* (destination) along a link that connects them.
The gauge bosons are assigned to the links, and are represented as Lie group elements of the gauge group, which then acts as a transport. Effectively, dimensional reduction does not give a generation structure to gauge bosons because the transport *--(g1)--*--(g2)--* is the same as *--(g1 g2)--* where g1 and g2 are gauge Lie group elements and g1 g2 is the Lie group product.
Consider fermion particles (similar arguments apply to antiparticles) represented by the 8 basis octonions (1,i,j,k,e,ie,je,ke) of S8+. For this discussion of how the three generations are formed, ignore helicity and the distinction between the Weyl neutrino (1) and the Dirac electron and quarks (i,j,k,e,ie,je,ke).
In 8-dim lattice F4 model, a fermion particle * going from (origin) to (destination) can be represented by an octonion (origin)*--(destination), or in short *--, where * is an octonion.
This notation uses *, o, and o' as notations for octonions representing fermion particles at the vertices also denoted by *, o, and o'. Since the fermions live on vertices, the abuse of notation (which is useful) should not be misleading.
What happens when the spacetime is reduced to 4 dimensions? The 8-dim E8 lattice, with octonionic (1,i,j,k,e,ie,je,ke) vertices, goes to a 4-dim lattice with quaternionic (1,i,j,k) vertices.
The dimensional reduction is like a projection (1,i,j,k,e,ie,je,ke) --(1,i,j,k) The subspace (1,i,j,k) is invariant and the subspace (e,ie,je,ke) is projected into (1,i,j,k) .
Consider a given fermion particle going in 8-dim (origin)*--(destination) THERE ARE 4 CASES: CASE 1. (origin) and (destination) are both in the (1,i,j,k) subspace of (1,i,j,k,e,ie,je,ke) . Then the fermion:
(origin)*--(destination) IS NOT CHANGED by the dimensional reduction and is still represented by the single octonion *.
THE CASE 1. FERMIONS ARE FIRST GENERATION FERMIONS. CASE 2. (origin) is in the (1,i,j,k) subspace of (1,i,j,k,e,ie,je,ke) BUT (destination) has components in the (e,ie,je,ke) subspace of (1,i,j,k,e,ie,je,ke) . Then the fermion:
(origin)*--(destination) IS CHANGED because dimensional reduction takes the (destination)o vertex o in (1,i,j,k,e,ie,je,ke) into its image in (1,i,j,k) under the dimensional reduction map, denoted as (reduced destination). The result is fermion: CASE 3. (origin) has components in the (e,ie,je,ke) subspace of (1,i,j,k,e,ie,je,ke) BUT (destination) is in the (1,i,j,k) subspace of (1,i,j,k,e,ie,je,ke) . Then the fermion:
(origin)*--(destination) IS CHANGED because dimensional reduction takes the (origin)* vertex * in (1,i,j,k,e,ie,je,ke) into its image in (1,i,j,k) under the dimensional reduction map, denoted as (reduced origin)o, before the fermion goes to its (destination) in (1,i,j,k The only remaining possibility is CASE 4. (origin) has components in the (e,ie,je,ke) subspace of (1,i,j,k,e,ie,je,ke) AND (destination) has components in the (e,ie,je,ke) subspace of (1,i,j,k,e,ie,je,ke) . Then the fermion:
(origin)*--(destination) IS CHANGED because dimensional reduction takes the (origin)* vertex * in (1,i,j,k,e,ie,je,ke) into its image in (1,i,j,k) under the dimensional reduction map, denoted as (reduced origin)o, before the fermion goes to its (destination) in (1,i,j,k,e,ie,je,ke) , which is denoted by (destination)o'.
THEN THE DIMENSIONAL REDUCTION MAP takes the (destination)o' vertex o' in (1,i,j,k,e,ie,je,ke) into its image in (1,i,j,k) under the dimensional reduction map, denoted as (reduced destination). The result is fermion:
(origin)*--(reduced origin)o--(destination)o'--(reduced destination). After dimensional reduction, there is are two (2) Gauge bosons do not get a 3-generation structure because the corresponding pair or triple of links (g1 , g2) or (g1 , g2 , g3) can be reduced to a single gauge boson by the Lie group product g1 g2 or g1 g2 g3. (On a finite lattice, gauge Lie group elements, not infinitesimal Lie algebra elements, live on the links.)
The important difference here between adjoint rep gauge bosons and spinor rep fermions is that the adjoint rep gauge bosons inherit the gauge Lie group product, and the spinor rep fermions have no such product.
3 First-Generation Quark Consitituent Masses.
In the model, the Weyl fermion neutrino has at tree level only the left-handed state, whereas the Dirac fermion electron and quarks can have both left-handed and right-handed states, so that the total number of states corresponding to each of the half-spinor Spin(8) representations Spin(8) is 15. Neutrinos are massless at tree level in all generations.
In the model, the first generation fermions correspond to octonions O, while second generation fermions correspond to pairs of octonions OO and third generation fermions correspond to triples of octonions OOO.
To calculate the fermion masses in the model, the volume of a compact manifold representing the spinor fermions S8+is used. It is the parallelizable manifold S 7 × RP 1 . Also, since gravitation is coupled to mass, the infinitesimal generators of the MacDowellMansouri gravitation group, Spin(5), are used in the fermion mass calculations.
The calculated quark masses are constituent masses, not current masses.
In the model, fermion masses are calculated as a product of four factors:
is the volume of the part of the half-spinor fermion particle manifold S 7 × RP 1 that is related to the fermion particle by photon, weak boson, and gluon interactions. N(Graviton) is the number of types of Spin(5) graviton related to the fermion. The 10 gravitons correspond to the 10 infinitesimal generators of Spin(5) = Sp(2). 2 of them are in the Cartan subalgebra. 6 of them carry color charge, and may therefore be considered as corresponding to quarks. The remaining 2 carry no color charge, but may carry electric charge and so may be considered as corresponding to electrons.
One graviton takes the electron into itself, and the other can only take the first-generation electron into the massless electron neutrino. Therefore only one graviton should correspond to the mass of the first-generation electron.
The graviton number ratio of the down quark to the first-generation electron is therefore 6/1 = 6. N(octonion) is an octonion number factor relating up-type quark masses to down-type quark masses in each generation.
Sym is an internal symmetry factor, relating 2nd and 3rd generation massive leptons to first generation fermions. It is not used in first-generation calculations.
The ratio of the down quark constituent mass to the electron mass is then calculated as follows: Consider the electron, e. By photon, weak boson, and gluon interactions, e can only be taken into 1, the massless neutrino. The electron and neutrino, or their antiparticles, cannot be combined to produce any of the massive up or down quarks. The neutrino, being massless, does not add anything to the mass formula for the electron. Since the electron cannot be related to any other massive Dirac fermion, its volume V(Q) is taken to be 1.
Next consider a red down quark ie. By gluon interactions, ie can be taken into je and ke, the blue and green down quarks. By weak boson interactions, it can be taken into i, j, and k, the red, blue, and green up quarks. Given the up and down quarks, pions can be formed from quark-antiquark pairs, and the pions can decay to produce electrons and neutrinos. Therefore the red down quark (similarly, any down quark) is related to any part of S 7 × RP 1 , the compact manifold corresponding to (1, i, j, k, e, ie, je, ke) , and therefore a down quark should have a spinor manifold volume factor of the volume of S 7 × RP 1 . The ratio of the down quark spinor manifold volume factor to the electron spinor manifold volume factor is just V(S 7 × RP 1 )/1 = π 5 /3 . Since the first generation graviton factor is 6, md/me = 6V(S 7 × RP 1 ) = 2π 5 = 612.03937.
As the up quarks correspond to i, j, and k, which are isomorphic to ie, je, and ke of the down quarks, the up quarks and down quarks have the same constituent mass mu = md.
Antiparticles have the same mass as the corresponding particles.
Since the model only gives ratios of massses, the mass scale is fixed by assuming that the electron mass me = 0.5110 MeV. Then, the constituent mass of the down quark md = 312.75 MeV, and the constituent mass for the up quark mu = 312.75 MeV.
As the proton mass is taken to be the sum of the constituent masses of its constituent quarks, m(proton) = mu + mu + md = 938.25 MeV, the model calculation is close to the experimental value of 938.27 MeV.
T-Quark Mass Calculation.
The third generation fermion particles correspond to triples of octonions. There are 8 3 = 512 such triples. The triple (1, 1, 1) corresponds to the tau-neutrino. The other 7 triples involving only 1 and e correspond to the tauon: (e,e,e), (e,e,1), (e,1,e), (1,e,e) , (1,1,e) , (1,e,1) , and (e,1,1).
The symmetry of the 7 tauon triples is the same as the symmetry of the 3 down quarks, the 3 up quarks, and the electron, so the tauon mass should be the same as the sum of the masses of the first generation massive fermion particles.
Therefore the tauon mass 1.87704 GeV. Note that all triples corresponding to the tau and the tau-neutrino are colorless.
The beauty quark corresponds to 21 triples. They are triples of the form (1,1,ie), (1,ie,1), (ie,1,1), (ie,ie,1), (ie,1,ie), (1,ie,ie) , and (ie,ie,ie), and the similar triples for 1 and je and for 1 and ke.
Note particularly that triples of the type (1,ie,je), (ie,je,ke), etc., do not correspond to the beauty quark, but to the truth quark.
The red beauty quark is defined as the seven triples (1,1,ie), (1,ie,1) , (ie,1,1), (ie,ie,1), (ie,1,ie), (1,ie,ie) , and (ie,ie,ie), because ie is the red down quark. The seven triples of the red beauty quark correspond to the seven triples of the tauon, except that the beauty quark interacts with 6 Spin(5) gravitons while the tauon interacts with only two. The beauty quark constituent mass should be the tauon mass times the third generation graviton factor 6/2 = 3, so the B-quark mass is 5.63111 GeV.
The blue beauty quarks correspond to the seven triples involving je, and the green beauty quarks correspond to the seven triples involving ke.
The truth quark corresponds to the remaining 483 triples, so the constituent mass of the red truth quark is 161/7 = 23 times the red beauty quark mass, and the red T-quark mass is 129.5155 GeV.
The blue and green truth quarks are defined similarly. The tree level T-quark constituent mass rounds off to 130 GeV.
Gauge Bosons and Further Results
Dimensional reduction also acts on the gauge bosons, giving an effective SU(3) x SU(2)L x U(1) standard model gauge group plus an effective Spin(5) MacDowell-Mansouri gravity.
The physically realistic way to decompose the 28 infinitesimal generators of Spin(8) after dimensional reduction is to group them according to Weyl group symmetry into groups of 10, 6, 8, and 4 members.
Then the group of 10 becomes Spin(5) with base manifold S 4 , the group of 6 becomes Spin(4) with base manifold S 2 × S 2 , the group of 8 becomes SU(3) with base manifold CP 2 , and the group of 4 becomes U (1) 4 with base manifold T 4 . The Weyl group of Spin (8) is the semidirect product of the Weyl groups of the groups into which Spin(8) is decomposed. Each group is then considered to be independent, with the effect that the Spin (5) gives MacDowell-Mansouri gravity, the SU (3) is the color force SU(3), the Spin(4) has two copies of SU (2), one of which becomes the effective weak force SU(2)L and the other of which is integrated over the 4 "lost" dimensions to give an effective Higgs scalar field, and the 4 copies of U (1) become the 4 covariant components of the electromagnetic photon.
Second-generation fermion masses (constituent masses for quarks), force strengths, the Weinberg angle, and Kobayashi-Maskawa parameters can also be calculated using the model, with the following results [3] : Beyond tree level, neutrinos can get mass by radiative processes related to the Planck mass [3] : m e−neutrino = 2.2 × 10 −6 eV m µ−neutrino = 4.5 × 10 −4 eV m τ −neutrino = 8.1 × 10 −3 eV Therefore, the model has a natural MSW mechanism that may solve the solar neutrino problem.
Chronology of T-quark Mass Calculations
At the request of others who have done theoretical calculations, I am adding this section in January 1993:
I do not represent that this section is a complete history of calculations of the T-quark mass. It is about the chronology of some theoretical T-quark mass calculations of which I am now aware. It includes only purely theoretical calculations giving a result of about 130 GeV, and does not include calculations of bounds on the T-quark mass resulting from applying the standard model (or other models) to experimental results such as B-mixing, Z-width, etc. , where tan α = V cb , relates the T-quark mass m t to the K-M parameter V cb and the C-quark mass m c .
1982:
As the paper states (p. 237): "Unfortunately, it does not predict m t except through τ B ... ."
Inoue, Kakuto, Komatsu, and Takeshita write Aspects of Grand Unified Models with Softly Broken Suypersymmetry (Prog. Theor. Phys. 68 (1982) 927) (received 10 May 82)
They relate supersymmetry to electro-weak symmetry breaking by radiative corrections and renormalization group equations, and find that the renormalization group equations have a fixed point.
The fixed point is related to a T-quark mass of about 125 GeV, as was explicitly discussed in 1983 by Alvarez-Gaume, Polchinski, and Wise.
1983:
Alvaerez-Gaume, Polchinski, and Wise write Minimal Low-Energy Supergravity (Nuc. Phys. B221 (1983) 495-523) (received 8 Feb 83). Their calculations show that, for electro-weak symmetry breaking to occur, the T-quark mass must be from 100 GeV to 195 GeV.
Moreover, they also note (p. 511) that the renormalization group equation Further details of my work [3] are available as a paper preprint or as a Mathematica 2.1 notebook on a Macintosh HD disk.
